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(e) Integration of trigonometric functions :

W [—=— or ]L or | dx
a+bsin®x a+bcos®x asin® x + bsinx cos x + ccos® x
Divide N* & D' bycos?x & puttanx=t.
dx
llustration 17 : Evaluate : .[7:
2 +sin” x
Solution : Divide numerator and denominator by cosx
[ = ,[ sec” xdx B .[ sec” xdx
2sec’ x +tan® x 2 +3tan’x
Let Btanx=t 5 Bsec? xdx = dt
N 1 (ﬁianx
So —tan? —+c= —tan™'| 1——|+¢c Ans.
e P el
llustration 18 : Evaluate : I dx y
(2sin x + 3cosx)*
Solution : Divide numerator and denominator by cos’x
[ = sec” xdx
(2tanx + 3)°
Let 2tanx+3=t. 5. 2sec’xdx = dt
dt 1 1
— —_——Hte=——+c Ans'
2'¢ X 2(2tanx + 3)
Do yourself -10 :
dx dx
M Evdite s '[1 +4sin’ x Gy Evphits 'l'Zisitl2 X+sinxcosx +1
dx dx
TR O —gr— O
(1) Ia+bsinx R J-a+l::r:t::s:.z " Ia+hsinx+ccosx

X
Convert sines & cosines into their respective tangents of half the angles & put tan §=I

_ 2t 1-1* B 24t
In this case sin x = +,COSX = — ., X = 2tan™"'t; dx = 2
1+t 1+t 1+1
dx
llustration 19 : FEvaluate : I—
3sinx +4 cosx
o &
—dx
dx d s
Solution : I = IS : a = I = - r E
sinx +4 cosx 2 tan X 1—tan? X drbondptE
3{— 2 1.4 2 < 2
lvl-tf:-m21 1-i~tan?‘i
2 2
| t s . l'set:2idx—dt
et anz—t, g o 4% =
dt 1 dt
s | J4+61 N I [tz St] _2'[25 [ 3)2
el “ iy 2
2 16 4
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§+[[—-§) 1+216mi
1 1 4 4 1
o= (n +c =—In|——={+¢ Ans.
2 (5] |5 3 5 x
2l 2 = e = 4-2tan—
\4) |a 4 2
Do yourself -11 :
dx dx
(0 Evaluate : J370 ) Balate : [3 7ol T

dx

(111)

j-accsx-l-bsinx+c
pcosx +qsinx+r

d
Express Numerator (N') = /(D") + ma (D") + n & proceed.

2+ 3cosh

Hlustration 20 : Evaluate : Imdg

Solution : Write the Numerator = {(denominator) + m(d.c. of denominator) + n
= 2 + 3 cos 0 = [(sinO +2cos0 + 3) + m(cosO - Zsinb) + n.
Comparing the coefficients of sinf, cos and constant terms,
weget3f+n=2, 20+m=3, (-2m=0 = (=6/5, m=3/5 and n=-8/5

Hence I_J- 6 40+ ‘I cosf—2sin0 _E‘[ do
smﬂ+2c050+3 57s5in0+2cos0+3

BBy 5 e
§0+§(n15|n0+2c050+3|' 513 where I, Isi.n9+2c050+3

In 1, put Lang =t = sec’ gdﬂ = 2dt

1 t+1 tan8/2+1
I, = ZI , dt =2J ﬁt - =2 —tan'li—} = tan'I{—)
2 +2t+5 7 (t+1)* +2° ! 2 -
Hence | —@+3(n|sm9+2cosﬂ+31—— tan™! (M)+c Ans.
5 5 5\
Do yourself -12 :
sinx 3sinx +2cosx
(1) Evaluate : I e (ii) Evaluate Im
(iv) Isin"’ xcos” xdx
Case-l : When m & n £ natural numbers.
* If ane of them is odd, then substitute for the term of even power.
* If both are odd, substitute either of the term.
= If both are even, use trigonometric identities to convert integrand into cosines of multiple
angles.
Caselll : m + n is a negative even integer.
* In this case the best substitution is tanx = t.
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Illustration 21 : Evaluate JsinJ x cos® x dx
Solution : Put cos x = {; - sin x dx = dt.

so that 1= —Iﬂ —12).t5dt

i : ﬁ !ﬂ L ]
= [( - )t =———
8 6 8 6

Alternate :
Put sin x = t; cos x dx = dt

so that 1= [t*(1-t")f'dt = [(t" -2t* +¢7)dt

sin*x 2sin®x  sin®x
= = + +c
q 6 8

Cos X Cos X
= +C

Note : This problem can also be handled by successive reduction or by trignometric identities,

Hllustration 22 : Evaluate Jstn2 x cos’ % dx

Solution :

2 Z

2
Isinzxcmi1 xdx =I[1 —cost][cost +1] dx =I%(I —cost)(c052 2x+2cos2x + I]dx

= %j(cos2 2% +2cos2x +1-cos’ 2x —2 cos” 2x -cost)dx

1

cosbx + 3cos2x . 1+cosdx

= EI(—COSJ 2% — cos® 2x + cos2x +1)dx =*é!{

-— b
32| 6 2 16 64 16

Jsin X

Illustration 23 : Evaluate Im dx

4 2

l{sinﬁx 35in2x] 1 sindx sin2x
+ + i

- cos2x -Ide

5‘]/2 x
172
sin’’“ x dx
Sofon. : Let I :J‘t:i:)s‘:"“z xdx - '|-si_1'|'”2 xcos”’?x
1 9
Here m + n = 272 = -4 (negative even integer).
Divide Numerator & Denominator by cos’x.
| E= I\Jtan xsec® xdx = I\hanxﬂ +tan”® x)sec® xdx
= JJt-{l +1%)dt (using tan x = t)
2pn +gtm +c =Etau13"2 x+£tan”2x+c
3 7 3 7
Do yourself -13 :
sin® x Jsinx
(i) Evaluate : I 5 -dx (i) Evaluate : IM (iii) Evaluate : Isin’ xcos” xdx
Cos X coss"gx
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(f)  Integration of Irrational functions :

w l——r—=al > put px+q=t°
(ax + b]Jpx +q (ax? + bx + c]\lpx +q
dx 1 dx 1
(ii) = put ax +b =—; - R =
J(ax+b]\{px‘a+qx+r t Ilaxz+bx+c}Jpx2+qx+r ? t
j x+2 p
Mlustration 24 : Evaluate o +3x+39Vx sl
X+2 3
Solution : Let, 1=[— dx Putx +1=1t" = dx = 2tdt
(x +3x+3]wfx+l
(t* —1)+2 t +1 1+1/8
1= (2t)dt = 2 = dt
Iu¢2~11?+3u2-u+3}~/— I: w12 +1 '[t2+1+1/t2
:2_[ 141/t = I {where u=l—l}
u-1/nz+{J§1‘ u +((;2 t
e 2 a3 u =2 {l —1] - _1[ X )
=—tan =—=t —= =—= —=—|*c¢ Ans.
V3 [J‘J J' V3t f V3ix+1)
I dx
lllustration 25 : Evaluate lx-l]\fx2+x+l
Soluti Let, 1= | 25 tx-1=1 = de= -1/ dt
urion : et, = - ut x — = = D W= ==
(x=1Vx? +x+1 P t
_j -1/t%dt B dt
[_ 1 NN _-I\/Stz+3t+1
1/t [I+1] +(?+1]+1
=—L3J' dzt =_L3109|{[+1/2}+Ju+1/2)2+1/12\+c
\j(u-l) +1/12
2
—
1
12( +—=1 +1
1 i 10 x—1 ZJ
el + .
Nk TSR 12 € ans
dx
lllustration 26 : Evaluate Ill+x2] -
Solution : Let I=jd—x
' (1+x2W1-x

Put x =

1 -
rg So that dx = ?{dt

I -1/ t3dt

= da+17eni-172

i

(t? +11Jt =1

again let. t* = u. So that 2t dt = du.
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—1 du I
which reduces to the form where both P and Q are linear so that
(u+ l]s} \/—

we put u-1 = z° so that du = 2z dz
dz

I=—lj 2zdz =‘I
27 2 41+ (z* +2)

1 ”
[=-——tan '[

V2

|'*~—1—lan"[ _1]+c—_Ltan"( tz_l]-i—c—---l_tan-:[ 1—x2J+c
S V2 2 V2 T2 ox Ans.

Do yourself -14 :
()  Evaluate | ——F—=0dx () Evoluate : | =
Ve (x=3)Vx+1 s ::’Jl+x2

Miscelleneous [llustrations

cos” xdx

lllustration 27 : Evaluate J'

3
sin® xfsin® x + cos® x P

cos® x cos’ x cot*xcosec? xdx
Solution  : I=I 3dx=_[ 3dx=j P—T
sin® x [sin® x + cos® x sin® x{l + cot’ x P {1+ cot’x]
Put 1+ cot’™x =t
5cot’x cosec’xdx = -dt
1 dt 1 2/5 1 B 2/5
=—=|==—t +c=—=(1+cot®x)" +c Ans,
57 ¢3/5 2 2
dx
Hlustration 28 : Iﬁ is equal to -
cos X +sin” X
(A) fn|tanx - cotx|+ ¢ (B) {n|cotx - tanx|+c
(C) tan”'(tanx - cotx) + ¢ (D) tan™(-2cot2x) + ¢
_ dx secSx (1 + tan® x)? sec” xdx
Solution : Letl = jcos" e J‘71+tan"x = I Y e
If tan x = p, then sec’ x dx = dp
1
(1 +p?)d (1+p?) p{l +_]
lzlli“pl p+1 z‘[zle %
¢ R P kP +_z_1]
p
= ‘[L:tan'l{k]-kc -(where p—l:k.(1+%]dp=dk]
k* +1 \ P\ p
= tan™ (p = l} +c=tan ‘(tanx —cotx)+c = tan”(-2cot2x) + ¢ Ans. (C,D)
p
2sin2x —cosx
lllustration 29 : Evaluate : J- - dx
6-cos" x=-4sinx
2sin2x —cosx (4sinx—1)cosx (4sinx —1)cosx
Solution : I = - dx = = e
Iﬁ—cos‘x—dsinx Iﬁ-tl-slnzxj—4sinx '[sm ‘x—4sinx+5

14

Scanned with CamScanner



Put sinx = t, so that cos % dx = dt.

_J (4t—1)dt _
" -atas) s f)

Now, let Mt-1)=A2t-4) + p

Comparing coefficients of like powers of t, we get

D=8 M +u=-1 (i)
A=2, p=7
IZ(?[—4}+7d (using (i) and (ii))
A T using (i) and (i)
2t-4 dt X dt
=12 dt+7 = 2log|i? —
Itz~4t+5 jlz-—4t+5 sl 4l+5|+7‘{l2—4t+4—4+5
- 2log|lz_4[+5|+7IL = 2log|t? - 4t + 5|+7 . tan™ (t - 2) + ¢
(t=2)° +(1)
= 2log|sin® - 4sinx + 5| + 7 tan”'(sinx - 2) + c. Ans.

llustration 30 : The value of IJ_ ] dx, is equal to -
@) %{—S{ms ’[%]] 9-x".cos '(§]+2x}+c
B) %{—3(:05 '[ D 249 —x* sin '(§]+2x}+c
(©) %{—3(“”( ] 9 -x* sin ‘[3‘3—)+2x}+c

(D) none of these

Solution : Here, | = IJ: X 3- x]dx
+X

Put x = 3cos20 = = -6sin20d06

'3 3:0529
3-3 20
'[ 3+3c0529 cos ]{"6 sin 20)d6

I s sin"sin0).(-6sin20)d0 = - 6 ‘l'E},(2£~'.ir||2 0)do
cosf

Il

Il

0°
-6 [6(1-cos20)d0 = - 5{?~[9coszade}

0° [ sin20 [s[n 29] ] sin20 cos26
i ——( 0 - 1. do|; = -36°
{2 5 | 5 30 +6{B S — }+c

=H_3[c05 (x H 25 cox” X )+zx]+c Ans. (A)

__x]
Hlustration 31 : Evaluate : j [ dx
cos x\/tan x+tan X +tanx
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